Using results of our preprint "Kählerian K3 surfaces and Niemeier lattices" arXiv:1109.2879 (and the corresponding papers), we classify degenerations of Kählerian K3 surfaces with finite symplectic automorphism groups.
Introduction
Using results of our preprint "Kählerian K3 surfaces and Niemeier lattices" arXiv:1109.2879 [16] (and the corresponding papers), we classify degenerations of Kählerian K3 surfaces with finite symplectic automorphism groups.
Here we mainly consider cases which can be marked by the Niemeier lattices N 22 and N 23 and degenerations of codimension 1. See Section 3 for more details.
We hope to consider all cases in further variants of the paper and further publications and give more details.
This was the subject of my talk on the conference "Automorphic forms, Lie algebras and String Theory" at Lille University on 4 March 2014 2 Existence of a primitive embedding of an even lattice into even unimodular lattices, according to [14] Let S be a lattice. Let A S = S * /S be its discriminant group, and q S its discriminant quadratic form on A S where we assume that the lattice S is even: that is x 2 is even for any x ∈ S. We denote by l(A S ) the minimal number of generators of the finite Abelian group A S , and by |A S | its order. For a prime p, we denote by q S p = q S⊗Zp the p-component of q S (equivalently, the discriminant quadratic form of the p-adic lattice S ⊗Z p ). A quadratic form on a group of order 2 is denoted by q (2) θ (2) . A p-adic lattice K(q S p ) or the rank l(A S p ) with the discriminant quadratic form q S p is denoted by K(q S p ). It is unique, up to isomorphisms, for p = 2, and for p = 2, if q S 2 ∼ = q (2) θ (2) ⊕ q ′ . We have the following result where an embedding S ⊂ L of lattices is called primitive if L/S has no torsion.
Theorem 1. (Theorem 1.12.2 in [14]).
Let S be an even lattice of the signature (t (+) , t (−) ), and l (+) , l (−) are integers.
Then, there exists a primitive embedding of S into one of even unimodular lattices of the signature (l (+) , l (−) ) if and only if the following conditions satisfy:
(1) l (+) − l (−) ≡ 0 mod 8;
Remark that if the last inequality in (2) is strict then one does not need the conditions (3) and (4) 
θ (2) ⊕ q ′ , then one does not need the condition (4).
3 Example related to Kummer surfaces, and the general theory. 4 have another degeneration of codimension 1 which has the type 4A 1 . Thus, the Picard lattice of the K3 surface has the rank 16 and the K3 surface has exactly 4 nonsingular rational curves which have the Dynkin diagram 4A 1 and it has the automorphism group (C 2 )
4 . It follows from Theorem 4 below.
Using markings of Kählerian K3 surfaces by Niemeier lattices which was developed in [16] , this is reduced to the following question. We use notations and results from [16] .
Let N i be one of 23 Niemeier lattices which have non-trivial root systems. We fix the bases P (N i ) of the root system and consider the automorphism group A(N i ) of N i which preserves the bases
⊂ N i the coinvariant sublattice of H. We say that H is maximal if H = Clos(H) is the maximal subgroup of A(N i ) with the same coinvariant sublattice N H . We can restrict considering the maximal case only. A subgroup H is Kählerian K3 automorphism group if N H has a primitive embedding into the lattice L K3 which is an even unimodular lattice of the signature (3, 19) . It is isomorphic to the lattice H 2 (X, Z) of Kählerian K3 surfaces. Equivalently, N H satisfies conditions of Theorem 1 for l (+) = 3, l (−) = 19.
Let α ∈ P (N i ) and H(α) is the orbit of H for α ∈ P (N i ). The primitive sublattice S = [N H , α] pr ⊂ N i contains H(α) and H(α) gives the basis of the system of roots with square (−2) in S. If S has a primitive embedding into L K3 (equivalently, if S satisfies Theorem 1 for l (+) = 3, l (−) = 19, then S can be considered as Picard lattice of general Kählerian K3 surfaces with symplectic automorphism group H and classes of non-singular rational curves H(α). Here we use the epimorphicity of the Torelli map for Kählerian K3 surfaces, see A. Todorov [21] and Y. Siu [19] . Since rk S = rk N H +1, these K3 surfaces can be considered as degeneration of codimension 1 of Kählerian K3 surfaces with the automorphism group H. The primitive embedding S ⊂ N i can be considered as marking of the Kählerian K3 surfaces by the Niemeier lattice N i . See [16] for details.
In [16] we described Kählerian K3 conjugacy classes for Niemeier lattices N i , i = 1, . . . , 23. Thus, using these classification and Theorem 1, we can describe degenerations of codimension 1 of Kählerian K3 surfaces with finite symplectic automorphism groups. By considering several orbits of H, we can describe all degenerations.
For example, the group (C 2 ) 4 corresponds to the following Kählerian K3 conjugacy classes for N 23 . This case can be marked by N 23 only. See [16] . We use the basis α 1 , . . . , α 24 for the 
with orbits {α 1 , α 3 , α 2 , α 16 , α 14 , α 23 , α 6 , α 5 , α 20 , α 24 , α 18 , α 12 , α 17 , α 10 , α 19 , α 22 } (we give only orbits with more than one element).
The group H 21,1 and its orbits with 4 elements give degenerations of the type 4A 1 (only for these orbits the lattice S has a primitive embedding into L K3 by Theorem 1). The group H 21,2 and its orbit with 16 elements gives the degeneration of the type 16A 1 which gives the case of Kummer surfaces (only for this orbit the lattice S has a primitive embedding into L K3 by Theorem 1). Thus Kählerian K3 surfaces with symplectic automorphism group H ∼ = (C 2 )
4 have codimension 1 degenerations only of the types 4A 1 and 16A 1 . We also calculate the discriminant group A S = S * /S of S for both cases. Similarly below we describe degenerations of codimension 1 which are marked by N 23 (Theorem 2) and by N 22 (Theorem 3) and degenerations of codimension 1 which can be marked by these Niemeier lattices only (Theorem 4)
We hope to consider all other cases and degenerations of arbitrary codimension in further variants of this paper and further publications.
4 Classification of degenerations of finite symplectic automorphism groups of Kählerian K3 surfaces which can be marked by the Niemeier lattice N 23
Here we mark by n = 81, . . . , 1 types of abstract finite groups of symplectic automorphisms of Kählerian K3 surfaces. See [13] , [9] , [22] and [6] . [16] . We use notations from [16] . We give the type of the root system and the isomorphism class of the discriminant group A S of the corresponding lattice S = [N H , α i ] pr . 
2 (H 75,1 with the orbit of α 1 ). 1 with the orbit of α 2 , α 3 , α 7 or α 11 ); 6 (H 1,1 with the orbit of α 2 , α 3 , α 5 , α 6 , α 7 , α 10 , α 11 or α 14 ).
5 Classification of degenerations of finite symplectic automorphism groups of Kählerian K3 surfaces which can be marked by the Niemeier lattice N 22
Here we mark by n = 81, . . . , 1 types of abstract finite groups of symplectic automorphisms of Kählerian K3 surfaces. See [13] , [9] , [22] and [6] . [16] . We use notations from [16] . We give the type of the root system and the isomorphism class of the discriminant group A S of the corresponding lattice S = [N H , α i,j ] pr . Table 3 below. More detailed description of these degenerations using markings by N 23 and N 22 are described in Theorems 2, 3. Table 3 : Classification of all types of degenerations of codimension one of some finite symplectic automorphism groups of Kählerian K3 surfaces. 
